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Introduction
The Wilson discretization of the fermionic part of the QCD action introduces errors linear in the lattice spacing a. In Symanzik's improvement programme [1] these are reduced to O(a 2 ) by adding a dimension-five term to the action, the Sheikholeslami-Wohlert term, and dimension-four terms to the quark bilinears. In particular, the axial current
(with T a acting in flavour space) is improved in the case of massless quarks by a term proportional to the derivative of the pseudoscalar density P:
3)
The axial current has various applications, such as the computation of PCAC quark masses or pseudoscalar decay constants. It is particularly important for setting the scale via f K as done in [2] . As a step to extend this programme to the three-flavour theory, we here present our calculation of c A with tree-level improved gauge action. The improvement coefficient c A of the axial current has already been determined non-perturbatively in the quenched case (see e.g. [3] ), for N f = 2 in Wilson QCD and for N f = 3 with Iwasaki gauge action [4, 5] . Since improvement coefficients are affected by O(a) ambiguities, it turned out that for a given discretization their values can differ quite significantly depending on the improvement conditions chosen (see e.g. [3] compared to [6, 7] ). However, to ensure that the ambiguities vanish smoothly in the continuum limit, we impose our improvement condition along a line of constant physics, LCP (see also [8 -10] ). This amounts to vary the lattice spacing while keeping all physical length scales fixed.
All improvement conditions that are in practical use are based on the PCAC mass:
In the continuum it is independent of the point x and the states |α and |β , since it is derived from an operator identity, but it is violated at O(a) on the lattice. For improvement we can choose two sets of states (or points x) and adjust c A such that the associated O(a) improved masses agree. In [3] c A was computed in the quenched theory. There the states used in the improvement condition differed in their (Schrödinger functional) periodicity angles θ . However, this choice of states is not suitable for N f > 0, because it would require to generate a separate ensemble for each value of θ . Instead, we rely on the strategy proposed in the N f = 2 case [4] , where the states in the improvement condition are characterized by different wave functions, which are meant to approximate the ground and first excited state. This will be detailed in the following section.
The gauge action which we consider in this article is the tree-level improved or Lüscher-Weisz action [11] . In addition to the Wilson plaquette term it includes sums over loops involving next-tonearest neighbours. Here, we take into account plaquettes and double-plaquettes, i.e. straight 2 × 1 loops (type 1 in [11] ):
S 0 and S 1 are the sets of all plaquettes and double-plaquettes, with loops that differ in orientation only considered identical, U(C ) is the product of the link variables along the loop C , and the coefficients are c 0 = 5/3 and c 1 = −1/12. For this action, the improvement coefficient c SW has been non-perturbatively determined in [12] .
Improvement Condition
Following [4] , our improvement condition is based on the PCAC quark mass, which on the lattice we can write as
Here, |α and |β denote two arbitrary states. To define c A we choose two such pairs of states, |α , |β and |γ , |δ and require the PCAC masses computed from them to be equal. From this condition we can extract the improvement coefficient:
We work in a Schrödinger functional (SF) setup and prepare the initial states |β and |γ by applying a pseudoscalar two-quark operator O a (ω) with suitable wave functions (see below). Hence, we consider the correlators
where O a (ω) is constructed from the boundary fields ζ ( x) at x 0 = 0. To achieve a high sensitivity, the wave functions are constructed so as to approximate the ground and first excited state in the pseudoscalar channel. For this purpose we examine the boundary-to-boundary correlator f 1 between a source term O a (ω) at x 0 = 0 and another one, O a (ω ), at x 0 = T :
We compute its values for all combinations of the following three basis wave functions ω 1 , ω 2 , ω 3 : 8) where N i is a proper normalization factor and r 0 is a physical scale, which we choose to be L/6. The first and second eigenvector η (0) and η (1) of the 3 × 3 matrix [ f 1 (ω i , ω j )] i, j=1,2,3 are used to approximate the wave functions of the ground and first excited state:
With these choices, our definition of c A reads 11) where the wave functions ω π (0) and ω π (1) determine the states β and δ from eq. (2.3), whereas |α and |γ have vacuum quantum numbers. To complete our specification of the improvement condition, we still have to choose a value for x 0 .
Simulations
As in the determination of c SW in [12] , the gauge configurations are created by the openQCD code (version 1.2 [14, 15] ), which can also deal with SF boundary conditions. It employs the HMC algorithm [16] with frequency splitting of the quark determinant for a doublet out of the three dynamical quarks [17] . We have added a small twisted mass regulator at L/a = 12 [18] but have not found it necessary for the stability of the other simulations. The action of the third dynamical quark is simulated via the RHMC algorithm [19] with eight or nine poles. The twisted mass at L/a = 12 and the rational approximation are corrected afterwards with stochastically estimated reweighting factors. The length of one trajectory is τ = 2.
Our simulations have L/a = 12, 16, 20 and 24. The time extent is such that T /L ≈ 3/2. We have picked this ratio, because we plan to reuse the configurations for a determination of the renormalization factor Z A . Moreover, we set θ and the background field to zero. A summary of the simulation parameters can be found in table 1.
The parameters β and κ are adjusted so that they lie on a LCP. β is fixed by choosing the initial value β = 3.3 for the coarsest lattice with L/a = 12 and keeping its physical length L fixed in all simulations. The β -values for the finer lattices are estimated by the perturbative formula
Since the 3-loop contribution to q for our action is not known, we include the universal parts only. In order to completely define a LCP we must also fix the quark masses. For the purpose of defining c A we can work with massless quarks, which is possible for SF boundary conditions. In Table 1 : Simulation parameters, number of trajectories and the average acceptance. am PCAC is computed from the correlation functions projected to the approximate ground state, using the one-loop c A from [13] . practice it is sufficient to employ three mass-degenerate quarks with κ-values such that the PCAC mass is reasonably small. Based on experience from [12] , where results on c SW were found to be insensitive to violations of this condition within |am PCAC | < 0.015, we take the same limit as a guideline for the tuning of our simulations. κ and the PCAC masses are also listed in table 1.
To check for the size of O(a) ambiguities, the generation of a further ensemble at L/a = 12 and T /a = 17 is under way, after tuning and tests were done with T /a = 19, which facilitated parallelization. Due to similar reasons, the L/a = 20 simulations are still in progress.
As an example, figure 1 shows an excerpt of the histories of the smoothed Wilson plaquette action and the topological charge of a simulation at L/a = 16 and κ = 0.13703. They are taken at the Wilson flow time t = (c · L) 2 /8 with c = 0.35 (cf. [20] ).
Preliminary Results
The measurements of the SF correlation functions are performed on every fourth configuration only, in order to reduce autocorrelations. So far, errors are estimated by a binned Jackknife analysis.
The first step of the analysis is to determine the eigenvectors η (0) and η (1) of the matrix [ f 1 (ω i , ω j )] i, j=1,2,3 . The normalized eigenvectors have a well-defined continuum limit along a LCP, as long as the wave functions depend on physical scales only. In agreement with this expectation and the findings in [4, 5] , we observe no strong dependence on the lattice spacing for them. Therefore, we fix the vectors for once at their values from the analysis of L/a = 16 and κ = 0.13703, which can be regarded as part of the improvement condition. These eigenvectors are η (0) = (0.5317(3), 0.5977(1), 0.6000(2)) and η (1) = (0.843(5), −0.31(6), −0.44 (6) ). With these vectors we project the correlation functions to the approximate ground and first excited state, f A/P (x 0 ; ω π (0) ) and f A/P (x 0 ; ω π (1) ). f P is used to compute the effective masses of both states. Representative results for L/a = 16 and κ = 0.13703 are shown in figure 2. The two states are clearly seen to be separated up to x 0 ≈ 12a. A plot of the local c A obtained according to (2.10) for this data set can be found in figure 2 on the right. For the final definition of c A we choose x 0 = L/3, as it seems to be already in the asymptotic regime but still has a good signal-to-noise ratio. The resulting c A -values from our present analysis are compiled in the table in figure 3 .
In figure 3 the results for c A are plotted against g 2 0 = 6/β . The solid line is an interpolation of the data based on the functional form which is constrained to the one-loop value from [13] . The resultant parameters are p 1 = −0.15 (2) and p 2 = −0.476 (6) . The c A from L/a = 20 is not included, since simulations are still in progress.
Outlook
For the final analysis, we will not only include the still ongoing simulations at L/a = 20 and L/a = 12 with T /a = 17, but also increased statistics for the other β -values. Moreover, we also want to investigate the influence of small deviations from the constant-physics condition on our results.
